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Abstract
We show that a Verdier-type Riemann–Roch formula holds for the Chern–Schwartz–MacPherson
transformation C∗ :F → A∗ in the case of smooth morphisms, but that it does not hold for local
complete intersection morphisms in general. And we show that for Euler local complete intersection
morphisms there is a reasonable problem and that its very special case turns out to be nothing but
the problem of comparing Chern–Schwartz–MacPherson class and Fulton’s canonical class, which
seems to require a generalization of the Milnor number. Ó 1999 Elsevier Science B.V. All rights
reserved.
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1. Introduction
For a compact complex analytic variety X F(X) denotes the Abelian group of
constructible functions on X. For a pair of morphisms α :X f←−M p−→ Y , the topological
Radon transformation FRad(α) :F(X)→F(Y ) is defined by
FRad(α) := p∗ ◦ f ∗ :F(X) f
∗
−→F(M) p∗−→F(Y ),
where f ∗ is the pull-back and p∗ is the pushforward of constructible functions. This
topological Radon transformation introduced in [10] is a very natural generalization of
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the Radon transformations treated in [7,8,24]. (The Radon transformation of constructible
sheaves was defined and studied by Brylinski [6].) When it comes to constructible func-
tions one thinks of Chern–Schwartz–MacPherson class or Chern–Schwartz–MacPherson
transformation C∗ :F( )→H∗( ;Z) from the constructible function covariant functor to
the homology covariant functor [5,16]. In fact the homology covariant functor can be re-
placed by the Chow homology covariant functor A∗ [11]. In this paper we consider the
Chow homology. Thus it is reasonable to consider a certain “homological” counterpart
ARad(α) := p∗ ◦ fG :A∗(X) f
G
−→A∗(M) p∗−→A∗(Y )
of the above topological one, provided that some reasonable homological pull-back fG is
defined. And it is natural to consider the problem of whether or not the following diagram
commutes:
F(X) C∗
FRad(α)
A∗(X)
ARad(α)
F(Y )
C∗
A∗(Y )
. (1)
For this consider the following diagram:
F(X) C∗
f ∗
A∗(X)
fG
F(M) C∗
p∗
A∗(M)
p∗
F(Y ) C∗ A∗(Y )
. (2)
The commutativity of the bottom square of (2) is nothing but MacPherson’s theo-
rem [16]. Thus if we can claim the commutativity of the top square of (2)
F(X) C∗
f ∗
A∗(X)
fG
F(M) C∗ A∗(M)
(3)
for some reasonable pull-back f G :A∗(X)→A∗(M) for a certain morphism f :M→X,
then we can get a solution for the commutativity of the above diagram (1). It turns out that
this problem is nothing other than asking whether there exists a Verdier-type Riemann–
Roch for the Chern–Schwartz–MacPherson transformation C∗ :F → A∗.The original
Verdier–Riemann–Roch theorem was conjectured for the Baum–Fulton–MacPherson’s
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Todd class (or Riemann–Roch) in [3] and affirmatively solved by Verdier in [23]: the
statement is as follows:
Verdier–Riemann–Roch Theorem (see [11, Theorem 18.2(3), p. 349]). If f :X→ Y is
a local complete intersection morphism with Tf being the virtual relative tangent bundle,
then the following diagram commutes:
K0(Y )
τY
f ∗
A∗(Y )Q
td(Tf )∩f ∗
K0(X) τX A∗(X)Q
.
In this paper we show that in the case of smooth morphisms a Verdier-type Riemann–
Roch formula holds for the Chern–Schwartz–MacPherson transformation C∗ :F → A∗,
but that it does not hold in the case of local complete intersection morphisms in
general. And we show that in order for the diagram (3) to commute for a certain pull-
back fG :A∗(X)→ A∗(M) the morphism f :M → X requires the χ -constance along
projective lines in X, that is, that the topological Euler–Poincaré characteristics of the
fibers of the morphism be constant along projective lines in X. We show that if f is an
Euler morphism [4,9,13,21], which requires locally slightly stronger condition than the χ -
constance, that is a sort of “local χ -constance”, then there is a (unique) homomorphism
fE :A∗(X)→ A∗(M) making the diagram (3) commutative. Thus there remains a naive
but very natural problem of describing the difference between the homomorphism f E and
the other canonical homomorphism c(Tf )∩f ∗, which exists because f is a local complete
intersection morphism. The solution of this problem could be called a generalized Verdier-
type Riemann–Roch for the Chern–Schwartz–MacPherson class. And it turns out that a
very special case of this problem is nothing but the problem of describing the difference
between the Chern–Schwartz–MacPherson class and the Fulton’s canonical class of local
complete intersection in a smooth variety (see [2,22]). The latter problem seems to
eventually require what ought to be called “Milnor class” as a broad generalization of
the Milnor number, and will be treated in a forthcoming paper.
Throughout the paper our varieties are compact complex algebraic varieties.
2. Verdier-type Riemann–Roch for Chern–Schwartz–MacPherson classes with
values in Chow groups
Let F(X) be the Abelian group of constructible functions on the variety X. Then for a
morphism f :X→ Y the pushforward f∗ :F(X)→F(Y ) is defined by
f∗(λ)(y) :=
∑
W
aWχ
(
f−1(y)∩W),
where λ =∑W aW1W and each W is a reduced and irreducible subvariety of M . Then
F becomes a covariant functor with this pushforward. To define the Chern–Schwartz–
MacPherson transformation C∗ :F → A∗ with values in the Chow homology group A∗,
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we need the Euler isomorphism Eu: Z(X) ∼= F(X) which associates the local Euler
obstruction functionEuW to each reduced irreducible subvarietyW and the Chern–Mather
transformation CM :Z → A∗ which associates the Chern–Mather class CM(W) to each
reduced irreducible subvariety W . Then the Chern–Schwartz–MacPherson transformation
C∗ :F→A∗ is defined to be the composite
C∗ :=CM ◦ Eu−1 :F→A∗,
that is
C∗
(∑
W
aWEuW
)
:=
∑
W
aWC
M(W).
Here it should be noted that CM(W) is meant to be actually i∗CM(W) where i :W → X
is the inclusion, but just for the sake of simplicity we just omit i∗. The original Chern–
Schwartz–MacPherson transformation C∗ :F → H∗( ;Z) is the composite of the above
Chern–Schwartz–MacPherson transformation C∗ :F → A∗ and the cycle map cl :A∗ →
H∗( ;Z). MacPherson’s proof actually proves that the transformation C∗ :F → A∗ is
natural, i.e., the following theorem, and his original theorem or Deligne–Grothendieck’s
conjecture follows from this theorem and the compatibility of the cycle map with the
pushforward.
Theorem 2.1 (MacPherson’s Theorem [16]). For a morphism f :X→ Y the following
diagram commutes:
F(X) C∗
f∗
A∗(X)
f∗
F(Y )
C∗ A∗(Y )
.
Now, let f :M → X be a smooth morphism, i.e., a flat morphism with ΩM/X being
locally free [11, B.2.7]. Then we can show the following
Theorem 2.2. Let f :M→X be a smooth map of possibly singular varieties M and X.
Then the following diagram commutes:
F(X) C∗
f ∗
A∗(X)
c(Tf )∩f ∗
F(M)
C∗ A∗(M)
.
Here Tf is the virtual relative tangent bundle of f .
Proof. What we want to show is that for any element α ∈F(X)
C∗f ∗(α)= c(Tf )∩ f ∗
(
C∗(α)
)
. (4)
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Since F(X) is generated by 1W ’s for irreducible subvarieties W of X, it suffices to show
that
C∗f ∗(1W)= c(Tf )∩ f ∗
(
C∗(1W)
)
. (5)
However, by resolution of singularities 1W can be expressed as a finite sum
1W =
∑
i
nigi∗1Si ,
where ni is an integer, Si is a nonsingular variety and gi :Si→X is a morphism. Hence it
suffices to show
C∗f ∗(g∗1S)= c(Tf )∩ f ∗
(
C∗(g∗1S)
)
, (6)
where S is nonsingular and g :S→ X is a morphism. Now consider the following fiber
square:
S
g¯
f¯
M
f
S g X
.
Here we observe that S is also nonsingular because S is nonsingular and f¯ is smooth. To
prove (6), we need the following two more facts:
Lemma 2.3 [8, Proposition 3.5]. If the following square is a fiber square (or a Cartesian
diagram), i.e., W is the fiber product of f :Y → X and p :Z→ X and q and g are the
projections,
W
g
q
Z
p
Y
f
X
,
then the following diagram commutes:
F(Y ) f∗
q∗
F(X)
p∗
F(W) g∗ F(Z)
.
Lemma 2.4 [11, Proposition 1.7]. If the following square is a fiber square and p :Z→X
is smooth,
W
g
q
Z
p
Y
f
X
,
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then the following diagram commutes:
A∗(Y )
f∗
q∗
A∗(X)
p∗
A∗(W) g∗ A∗(Z)
.
Then the proof of (6) goes as follows:
c(Tf )∩ f ∗C∗(g∗1S)= c(Tf )∩ f ∗g∗(C∗1S) (by Theorem 2.1)
= c(Tf )∩ g¯∗f¯ ∗(C∗1S) (by Lemma 2.4)
= g¯∗
(
g¯∗c(Tf )∩ f¯ ∗(C∗1S)
) (by the projection formula)
= g¯∗
(
c(Tf¯ )∩ f¯ ∗(C∗1S)
) (since g¯∗Tf = Tf¯ )
= g¯∗
(
c(TS)
f¯ ∗c(TS)
∩ f¯ ∗(C∗1S)
)
(since S, S are smooth)
= g¯∗
(
c(TS)
f¯ ∗c(TS)
∩ (f¯ ∗c(TS)∩ [S]))
= g¯∗
(
c(TS)∩ [S]
) (since f¯−1(S)= S)
= g¯∗C∗1S
= g¯∗C∗f¯ ∗1S (since f¯ ∗1S = 1S )
=C∗g¯∗f¯ ∗1S (by Theorem 2.1)
=C∗f ∗g∗1S (by Lemma 2.3). 2
3. A problem in the case of local complete intersection morphisms
Unlike in the case of Baum–Fulton–MacPherson’s Riemann–Roch, we cannot expect
a Verdier-type Riemann–Roch for the Chern–Schwarz–MacPherson transformation (abbr.
VRR-CSM) in the case of local complete intersection morphisms in general. Here is a very
simple counterexample for this.
Example 3.1. LetX be a singular local complete intersection in a smooth varietyM . Then
the morphism f :X→ p to a point p is obviously a l.c.i. morphism (but not a smooth
morphism), since f is the composite of the inclusion X→M and the smooth morphism
M→ p. Then VRR-CSM does not hold for this morphism f :X→ p. Indeed,
CSM(X) :=C∗(1X)=C∗(f ∗1p)
and on the other hand
Tf = TM |X−NXM
is the virtual tangent bundle to X and
c(Tf )∩ f ∗C∗(1p)= c(Tf )∩ [X] = c
(
TM |X−NXM
)∩ [X] =:CFJ (X),
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which is the canonical class or the Fulton–Johnson’s Chern class ofX ([11, Example 4.2.6]
and [12]). Then, if VRR-CSM held for f :X→ p, i.e., the following diagram would
commute
F(p) C∗
f ∗
A∗(p)
c(Tf )∩f !
F(X)
C∗
A∗(X)
,
then we would get that
CSM(X)=CFJ (X).
However, this is not the case. For example, let X be a plane curve of degree d with
singularities x1, x2, . . . , xr . Then it follows from [11, Example 4.2.6(b), p. 78] that∫
X
CFJ (X)= 3d − d2.
On the other hand it follows from [20, §6, Comparaison des classes] that∫
X
CSM(X)= 3d − d2+
∑
i
µxi (X).
Here µxi (X) is the Milnor number of X at xi . Thus CSM(X) 6= CFJ (X). The comparison
problem for these two classes CSM(X) and CFJ (X) will be discussed later again.
With this very simple example we see that in order for the diagram (3) in Section 1
to commute for a certain homomorphism f G :A∗(X)→ A∗(M) for a local complete
intersection morphism f :M→X we need an extra condition for f and that although the
homomorphism c(Tf )∩f ∗ :A∗(X)→A∗(M) is always available it is not at all sufficient.
It turns out that an extra condition needed for f is as follows.
Proposition 3.2. Let f :M→X be a morphism.
(1) In order that there exists a homomorphism f G :A∗(X)→ A∗(M) such that the
diagram (3) commutes, it is necessary that if the 0-cycle∑mjxj on X is rationally
trivial, then
∑
mji∗C∗(f−1(xj )) = 0, in particular ∑mjχ(f−1(xj )) = 0. Here
i :f−1(xj )→M is the inclusion map.
(2) Similarly, in order that there exists a homomorphism fG :H∗(X)→ H∗(M) such
that the diagram (3) with A∗( ) being replaced by H∗( ) commutes, it is necessary
that the Chern–Schwartz–MacPherson classes of the fibers (considered as the
classes of M) are locally constant, in particular the topological Euler–Poincaré
characteristics of the fibers are locally constant.
The proof of this is straightforward and so omitted. After this proposition a morphism
f :X→ Y shall be called χ -constant if the topological Euler–Poincaré characteristic of
the fibers of f are locally constant.
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Here we note that the above homomorphism fG :A∗(X) → A∗(M) making the
diagram (3) commutative is unique if it exists, simply because the Chern–Schwartz–
MacPherson homomorphism C∗ :F(X) → A∗(X) is always surjective. Indeed f G =
C∗f ∗C−1∗ . Here C−1∗ (x) can be any element y such that C∗(y)= x . (For the surjectivity:
for any reduced irreducible subvarietyW C∗(1W)= [W ]+lower degree terms, and use the
induction on the dimension.) In fact, there is a condition for a morphism f which implies
the existence of such fG. That is “Eulerness”. Given a morphism f :X→ Y , we say that
a constructible function α on X satisfies the local Euler condition with respect to f , if for
all x ∈X and sufficiently small open balls U ⊂X containing x , and V ⊂ Y contained in
f (U) the pushforward
(f |U)∗(α|U)(·) := χ
(
f |−1U (·),α|U
)
is constant on V (see [4,9,13,21]). And a morphism f :X→ Y is called Euler if the
characteristic function 1X on X satisfies the local Euler condition with respect to f . In
other words, 1X belongs to the bivariant group F(X f−→ Y) of constructible functions on
X. For a morphism f :X→ Y the bivariant groupF(X f−→ Y) is defined to be the Abelian
group of all constructible functions on X satisfying the local Euler condition with respect
to f . Note that an Euler map is χ -constant (see [4,13]). Then we can show the following
proposition, using a result due to Ernström [9]:
Proposition 3.3. If f :X→ Y is Euler, then the following homomorphism
C∗f ∗C−1∗ :A∗(Y )→A∗(X)
is well-defined, i.e., independent of the choice C−1∗ (x). (The homomorphism C∗f ∗C−1∗
shall be called the Ernström homomorphism and denoted by f E .)
Since the proof of this proposition requires the bivariant theory of Fulton–MacPherson
[13], we recall some basic things before proving the proposition. (For more details, see [13]
and also [4,9].) The following three operations make F into a bivariant theory.
Products. For morphisms X f−→ Y g−→ Z the “product” operation
F(X f−→ Y)⊗F(Y g−→Z)−→F(X gf−→ Z)
is defined by
αβ(x) := α(x)β(f (x))
for any x ∈X. Here α ∈F(X f−→ Y) and β ∈F(Y f−→Z).
Pushforwards. For a morphism f :X→ Y and an arbitrary morphism g :Y → Z the
“pushforward” operation
F(X gf−→Z) f∗−→F(Y g−→Z)
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is defined by
f∗α(y) := χ(f−1(y),α)
for any y ∈ Y .
Pullbacks. Given a fiber square
X′
g′
f ′
X
f
Y ′ g Y
the “pullback” operation
F(X f−→ Y) g
∗
−→F(X′ f
′
−→ Y ′)
is defined by
g∗(α)(x ′) := α(g′(x ′))
for any x ′ ∈X′.
Similarly A∗(X
f−→ Y) is the (operational) bivariant theory of Chow homology group
defined in [11, Chapter 17, §17.2]. Now we are ready to go on to
Proof of Proposition 3.3. Let F0(X) be the kernel of the surjection C∗ :F(X)→A∗(X),
i.e.,
0→F0(X) e−→F(X) C∗−→A∗(X)→ 0
is exact. Note that F(X→ p)=F(X) and A∗(X→ p)=A∗(X) with p denoting a point.
In [9] Ernström shows that under the product operation
Π :F(X f−→ Y)⊗F(Y )−→F(X)
the following holds
Π
(F(X f−→ Y)⊗F0(Y ))⊂F0(X).
That is, Π induces the following product operation, denoted by Π0:
Π0 :F(X f−→ Y)⊗F0(Y )−→F0(X).
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Then consider the following diagrams:
0 0
F(X f−→ Y)⊗F0(Y ) Π0
id⊗e
F0(X)
e
F(X f−→ Y)⊗F(Y ) Π
id⊗C∗
F(X)
C∗
F(X f−→ Y)⊗A∗(Y ) ΠA A∗(X)
0 0
.
Then we can define the map
ΠA :F(X f−→ Y)⊗A∗(Y )−→A∗(X)
so that the third square commutes, namely
ΠA :=C∗ ◦Π ◦ (id⊗C∗)−1,
which is well-defined, because the columns of the diagram are exact and the second square
is commutative. Then for each element α ∈F(X f−→ Y) we get the homomorphism
f α :A∗(Y )→A∗(X)
which is defined by
f α(a)=C∗ ◦Π ◦ (id⊗C∗)−1(α⊗ a)=C∗ ◦Π
(
α⊗C−1∗ (a)
)
.
In particular, if f :X→ Y is Euler, i.e., 1X ∈ F(X f−→ Y), then f 1X is denoted by f E
and we get that
fE(a)=C∗ ◦Π
(
1X ⊗C−1∗ (a)
)=C∗f ∗C−1∗ (a),
by noticing that for β ∈F(Y )
Π(1X ⊗ β)(x)= (1Xβ)(x)= β
(
f (x)
)= (f ∗β)(x),
where f ∗ :F(Y )→ F(X) is the usual pullback homomorphism. Therefore if f :X→ Y
is Euler, then f E =C∗f ∗C−1∗ is well-defined. 2
So suppose that a given map f :X→ Y is an Euler and local complete intersection
morphism. Then we do have two distinguished homomorphisms: (1) c(Tf )∩f ∗ :A∗(Y )→
A∗(X) and (2) f E :A∗(Y )→A∗(X). What we see in Section 2 is that if f is smooth then
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fE = c(Tf )∩ f ∗ and that if f is not smooth then f E 6= c(Tf )∩ f ∗. Now we are ready to
state our very naive problem.
Problem 3.4. Let f :X → Y be an Euler and l.c.i. morphism. Describe the above
homomorphismf E , using the total Chern class c(Tf ) of the virtual relative tangent bundle.
To be more precise, describe explicitly the difference (or defect) ε in
fE = c(Tf )∩ f ∗ + ε.
(The extra term ε is sort of a “non-smooth” term, which vanishes when f is a smooth
map.)
The above formula, if resolved, shall be called a generalized Verdier-type Riemann–Roch
for Chern–Schwartz–MacPherson class.
In particular, as discussed in Example 3.1, when Y = p is a point, then X is just a local
complete intersection in a smooth variety and we have
fE
([p])=CSM(X),
and,
c(Tf )∩ f ∗
([p])=CFJ (X).
Hence in the special case when Y is a point the above Problem 3.3 is nothing but the
following simpler problem:
Problem 3.5. For a local complete intersection X in a smooth variety describe the
difference δ in terms of some invariants of singularities of X:
CSM(X)=CFJ (X)+ δ.
Remark 3.6. In fact, Aluffi [2] and Suwa [22] have very recently solved this problem for
the case of hypersurfaces with any singularities and the case of local complete intersections
with isolated singularities, respectively. In [2] δ is expressed in terms of Aluffi’s µ-class [1]
and in [22] δ is expressed as the sum of the Milnor numbers of the isolated singularities.
As regards
∫
X δ, i.e., the degree of the 0-dimensional component of δ, it has already
been introduced as the generalized Milnor number by Parusinski (see [17–19]). In [15]
Lehmann, Seade and Suwa give a formula for
∫
X δ. The class δ, not the number
∫
X δ, will
be treated in a forthcoming paper “On a Milnor class”.
Remark 3.7. We just note that even if f is an Euler and l.c.i. morphism, it is not
necessarily smooth. The morphism f :X → p mentioned in Example 3.1 is the case.
Obviously f is not smooth, but it is both Euler and l.c.i. Also we point out that even
if f is a χ -constant and l.c.i. morphism it is not necessarily Euler. Here is a simple
example for this: Let L1 be the diagonal of the Cartesian product P 1 × P 1 of the one-
dimensional projective space P 1. Choose a point z0 in P 1, and consider another line
L2 : {(z, z0) | z ∈ P 1} ⊂ P 1×P 1. Set L :=L1∪L2 ⊂ P 1×P 1. Let E be a smooth elliptic
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curve, so that its Euler characteristic χ(E)= 0. Let X := L×E. And let f :X→ P 1 be
the composite of the inclusion X =L×E→ P 1 ×P 1 ×E, the projection to the first two
factorsP 1×P 1×E→ P 1×P 1 and the projection to the first factor P 1×P 1→ P 1. Then
the map f is obviously a local complete intersection morphism, and the Euler characteristic
of the fibers are clearly locally constant: in fact, χ(f−1(z)) = 0 for any point z, which
comes from the fact that χ(E)= 0. However, it is easy to see that the map f is not Euler.
Because at every point of the fiber f−1(z0)= {(z0, z0)} ×E, 1X does not satisfy the local
Euler condition with respect to f .
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